NEW PROPERTIES OF THE INTERSECTION NUMBERS 
ON MODULI SPACES OF CURVES 
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Abstract. We present certain new properties about the intersection num- 
bers on moduli spaces of curves A^g,„, including a simple explicit formula 
of n-point functions and several new identities of intersection numbers. In 
particular we prove a new identity, which together with a conjectural iden- 
tity implies the famous Faber's conjecture about relations in TZ^~^{Mg). 
These new identities clarify the mysterious constant in Faber's conjecture 
and uncover novel combinatorial structures of intersection numbers. 

We also discuss some numerical properties of Hodge integrals which 
have provided numerous inspirations for this work. 



1. Introduction 

Denote by Mg,n the moduli space of stable n-pointed genus g complex 
algebraic curves. We have the forgetting the last marked point morphism 

Denote by di, . . . , (t„ the canonical sections of vr, and by Di, . . . , Dn the corre- 
sponding divisors in Mg^^+i- Let uJt^ be the relative dualizing sheaf, we have 
the following tautological classes on moduli spaces of curves. 

V'i = Cl(c7*('^7r)) 

Kj = vr* ^ci {lOt, D,^^ 

Xi = Q(7r*(u;7r)), l<l < g- 

The classes Ki were first introduced by Mumford [.21j on Mg, their generaliza- 
tion to Mg^n here is due to Arbarello and Cornalba [1]. 
We use Witten's notation in this paper, 



(rdi ■ ■ ■ Td^Xb, ■ ■ ■ Xbjg ■= [_ Ipt--- i'nX 

JMn,n 



A, 



bk. 



The moduli space of curves is a central object of study in algebraic geometry. 
The intersection theory of tautological classes on the moduli space of curves is 
a very important subject and has close connections to string theory, quantum 
gravity and many branches of mathematics. 

Intersection numbers involving only ip classes can be computed recursively 
by the celebrated Witten's conjecture [24] (proved by Kontsevich [17]) or by 
the formula of n-point functions [19]. General intersections involving ■0,A, k 
or boundary divisor classes can be reduced to intersections of ip classes by 
Faber's algorithm [7]. 
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The following form of Witten's conjecture is called the DVV formula [1]. 



/ > (^2dj - 1)!! ' ' ' ' ' ' ^'^"''^ 



(2A; + 3)!! 

+ \ (2r + l)!!(2s + l)!!(r,r,r,,...rdJ3_i 



2 

r+s=A;— 1 

+^ ^ (2r + l)!!(2s + l)!! ^ (r. J] ^'^^ V (^^^ 11 ^-^^ W 

r+s=fc-l n=/U-^ iGJ 

where n = {1, 2, . . . , n}. 

In 1993, Carel Faber [6] proposed his remarkable conjectures about the 
structure of tautological ring TZ*{Mg). In the past decade, Faber 's conjecture 
motivated a tremendous progress toward understanding of the topology of 
moduli spaces of curves. For background materials, we recommend Vakil's 
excellent survey [23] . 

An important part of Faber's conjectures is the famous Faber's intersection 
number conjecture, which is the following relations in TZ^^'^^M.g)^ if Yl^=i dj = 
9-2, 

V K - (2g-3 + n)!(2g-l)!! 

where Y2cTes„ ~ (^i • • • '^n)*{tpi^~^'^ ■ ■ ■ and is defined as follows. 

Write the permutation a as a product of ^{a) disjoint cycles, including 1- 
cycles: a = Pi - ■ ■ f3^(a) , where we think of the symmetric group Sn as acting 
on the re-tuple (di, . . . , d^). Denote by the sum of the elements of a cycle 
p. Then = ...K|/3^(^j|. 

By the work of Looijenga [20] and Faber [5], we know that TlP~'^{M.g) = Q 
is 1-dimensional and \g\g-i vanishes on the boundary of M.g. So Faber's 
intersection number conjecture is equivalent to the following Hodge integral 
identity. 

If dj > 1 and T.]=iidj - 1) = 5 - 2, 



m - (2g-3 + re)!(2g-l)!! , > . 

^ ^ " (2<7-l)!n"=i(2d, -1)!! ^ 



Ma 



{2g - ?, + n)\\B2g\ 



22.-1(2^7)! n-=i(2di- I)!!' 

where /-^_^ i^g-2>yg^g-i = '^29(2gi!^^' proved by Faber [5]. 

Since AgA^^i = (-l)3-i(2c/ - 1)! • ch2g-i(E), we use Mumford's formula [S] 
for the Chern character of Hodge bundles 



ch2.-i(E) = ^ 



^2g-2 

E 

i=l $gA \ i=0 
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to get 

(2g-3 + n)! 1 
^ ^ 22^-1(29-1)! n-=i(2d,-l)!! 

n 

= {Tdi ■ ■■Td„r2g)g - ^(-Tdi • ■ ■Tdj_^Tdj+2g~lTdj + i ' ' ' ^dj g 

i=i 

j=0 

^ 2g-2 

n=IlJJ i=0 «G/ ieJ 

where dj > 1, Yl]=i(.'^j ~ 1) = 5 ~ 2 and n = {1, 2, . . . , n}. 

In fact, the proportional constant in identity (1) is observed experimen- 
tally by Faber from identity (3), through implementing Witten's conjecture to 
calculate intersection numbers. 

In this paper, we will abuse terminology by calling either of the equivalent 
identities (1), (2) and (3) the Faber's conjecture. 

Getzler and Pandharipande [11] derive Faber's conjecture from the degree 
Virasoro conjecture for F'^. On the other hand, Givental has announced 
a proof of Virasoro conjecture for P". Y.P. Lee and R. Pandharipande are 
writing a book supplying the details. Recently, Goulden, Jackson and Vakil 
|14| have given a more direct and enlightening proof of Faber's conjecture for 
up to three points and explained their approach for the general case. Their 
method of proof is a marvelous synthesis of geometry and combinatorics, which 
has already found other elegant applications [3l [15] . 

In this paper, we present a series of simple new identities of intersection 
numbers, aiming to clarify combinatorial structures in Faber's conjecture. 

The explicit formula of n-point functions (as stated in theorem 2.8 and 
proved in [T9]) for intersection numbers will play an important role in this 
work. 
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2. Several new identities of intersection numbers 

Now we announce the following identity of intersection numbers which clar- 
ifies the mysterious constants in Faber's conjecture. 
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Theorem 2.1. Let dj > 1 and YJj=i{dj - 1) = 5 - 1- Then 

, . s^, y-, > _ (2g - 1 + n)\ 1 

W ^(-ij {r2g^n^d, ■ ■ ■ Tdjg - 229{2g + l)\ ■ n"=i(2<ij -1)!! 



When n = 1, identity (4) becomes 
2g 



i=o 

which has been proved in [U [9] . 

From theorem 2.1, we see that Faber's conjecture (3) is equivalent to the 
fohowing simpler identity. 

Conjecture 2.2. Let dj > 0, Yl^=i '^j — g + n — 2 and n = {1, 2, . . . , n}. 

Then 

n 

{Tdi---T'd„T2g)g = ^{Td^---Td^^^Td^+2g-lTd, + i---Td,,)g 

i=i 

n=IY[J 3=0 i€l i€J 

Accompanying identity (4) of theorem 2.1, we also have the following van- 
ishing theorem of intersection numbers. 

Theorem 2.3. Let K > g, dj>0 and YJj=i dj = 3g + n - 2K - 1. Then 

2K 

(6) E(-l)''(^2X-jTjrdj • • • Tdjg = 
j=0 

The following corollary of Theorem 2.3 is a complement to Conjecture 2.2. 
Corollary 2.4. Let K > g, dj>0 and dj = Zg + n - 2K - 2. Then 

n 

{Tdi ■ ■ ■ Td„T2K) g = ^(Tdi " " " Td^_^Td^+2K -lTd, + i ' ' ' TdJ g 

i=i 

2i<:-2 

(7) "2 E E(-i)'(^^-n^'^^v(^2i.-2~^-n^'^.w 

n=iUJ i=o ieJ 
Proof. The identity follows from Mumford's formula 

B2k 



oo „ n ^ /2k— 2 



ch(E) = 5+E 



H2k-1 ^ ri ■ ^ 

1=1 geA \ i=0 



where ch2fc-i(E) = 0, when k > g. □ 



Amazingly we also found the following conjectural identity experimentally. 
Please compare with the identities (3) and (5), 
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Conjecture 2.5. Let g > 2, dj > 1 and Yl]=iidj — 1) = 5- Then 
{2g-3 + ny. 1 



(8) 



22^^+1(25-3)! n"=i(2(i,-l)!! 

n 



9 

^ 2g-4 

+ 2 ^ Yj^~'^y^^^]l^<i-^^9'i'r2g~4-jYlTa^)g-g'- 
n=IUJ j=0 i£l ieJ 

Since {2g — 3)! • ch2g-3(IE) = {—iy~^{3Xg-s\g — Xg-iXg-2), it's easy to see 
that the above identity (8) is equivalent to the following identity of Hodge 
integrals, 

Conjecture 2.6. Let g > 2, dj > I and Yl^=iidj ~ 1) = 5- Then 

I-D23-2I \Jmc,,„ JMs,„ J 

(9) 

-I'F'r-iV/ \ , (2g-3 + n)! 1 

"22^^ ^) lT23_4-,r,r^i • • • Tdjg-i + 229+1(2^ _ 3)! ■ n"=i(2di - 1)!! 

j — J 

Note that Faber's identity (3) and all of the above identities (4)- (9) are 
compatible with the string and dilaton equations, so dj > 2 may be assumed 
when proving these identities. We have checked the identities of conjecture 
2.2 and conjecture 2.5 for all < 20 by computer. 

Now we give a proof of Conjecture 2.5 for n = 1. 

22g(2g + l)!! " ^'^3+l'^23-2)g " {r3g-2)g + ^ (-1)^ (Tj-T^+i) (T2g-4-i). 

In the last sum of the right hand side, replace j hy 3h — g — 2. We need to 
prove 

249-h(g - h)l \^3/^-9-2Tg+lM " 225(2^ + 1)11 + \^35-2;<;- 

Apply the string equation twice, we have 

^ 24i-'^li-/i)!^^''*-^-''"^+'^^ 

= ^ 24g-fe(g- /t)! (('^o-rah-g-irg+i)/^ - {T3h~g-iTg)h) 

= 2^ 24g-fe(ff - /t)! (('^OTSh-g-lTg+l)/! - {ToTsh-gTg)h + (T3h-grg_i)/i) . 

Here we need some knowledge of n-point functions such as in the papers [5l 

UM- Since ELo 24i~^^{g-hy. {^0^3h-g-lTg+l)h and ELo 24i-^|g-fe)! ^^0^3fc-g^g)fe 
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are respectively the coefficient of g^j^j y^g^g 



we have 



g! g_ 

^ 2A9-h(g - h)\ \^O^^h-g-lTg+l)h " ^ ' , 

h=l 

Moreover, it has been proved in [U [9] that 

Z-^ 249-^^(5 - /i)! \^3fe-9^9-i//i 243^! ' 
so we conclude the proof. 

Both of Theorem 2.1 and Theorem 2.3 follow from our recently obtained 
n-point functions for intersection numbers. 

Definition 2.7. We call the following generating function 



F(xi,...,x„) =^ ^ (-Tdi • • • -^d Jg n 
S=0 J]dj =3g-3+n j=l 



n 

'''j 



the n-point function. 

Note that the left hand side of identity (4) in Theorem 2.1 is 

y iij=i^i 

which is the coefficient of the monomial y"^^'"^ 11^=1 special (n + 2)- 

point function F(y , — y , xi , . . . , . 

It's not an easy task to get explicit formulae for n-point functions [2]. Ok- 
ounkov [22j has obtained a marvelous analytic formula for n-point functions, 
however it seems very difficult to extract information of coefficients from this 
analytic formula. What's more interesting is to find some well organized series 
expansion for the n-point function. 

We introduce the following "normalized" n-point function 

I -YT- ^^■\ 

G{xi,...,Xn) =exp 7;rr~^ ■ F{xi, . . . ,Xn)- 



24 



Theorem 2.8. [19] For n > 2 



G{xu...,Xn) = 4s(2r +tr+ ^''^'^^' • • • ' • • • ' """^^ 

r,s>0 V 
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where Pj. and A are homogeneous symmetric polynomials defined by 



A(xi, ...,Xn) 



3 ' 



3r+n— 3 



1 

^spn Y CYxifCYxifYGr'{xi)Gr-r'{xj), 

2^j=i j n=iY[j iei ieJ 



r'=0 

where I , J 9, n = {1, 2, . . . , n} and Gg{xj) denotes the degree 3g + |/| — 3 
homogeneous component of the normalized \I\-point function G{xk^ , ■ ■ ■ , Xk^j^); 
where kj £ I. 

The above formula generalizes Dijkgraaf's two-point function [5j and Za- 
gier's three-point function [25] obtained more than ten years ago. 
Let's turn to the normalized special (n -|- 2)-point function, 

G{y,-y,xi,. . . ,xn) = exp 1 ^ 1 ■ F{y, -y,xi, . . . ,Xn). 

We have the following theorem [T9] about the coefficients of G{y, —y, xi, . . . , Xn), 
which is just a reformulation of Theorem 2.3 and Theorem 2.1. 

Theorem 2.9. Let g > and n > I. We have 

(1) Let K > g,dj>0 and X;"=i dj = 3g - 1 + n - 2K. Then 

[G{y,-y,xi,...,xn)] =0. 

y iij=i j 

(2) Let dj > 1 and Yl^j=i dj = g — 1 + n. Then 

{2g + n-l)\ 



[G{y,-y,xi,... ,xn)] d 



3. Vanishing phenomenon of intersection numbers 

We investigate a sort of vanishing phenomenon of intersection numbers and 
seek further clarification for our simplified version of Faber's conjecture. First 
we state a generalization of Theorem 2.3. 

Conjecture 3.1. Let K > g, dj > and A be a monomial of X classes. Then 

2K n 
j=0 3=1 
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Take A = Ai in Conjecture 3.1. Since Ai = chi(E), we have 



2K n 

la 



= 12j](-l)^(r2/f-jT,AiJ]rd, 



2K I n n 

Ig 



= - {r2K-j+lTj JJ rd.)g + {T2K-jTj+l JJ Td^)g 

j=0 \ j=l j=l 

2K 

n=I]J[Jj=0 iel ieJ 

2K n 
= XI Y^~'^y ("^J^O n '^di)g' {r2K-jT0 Yl Tdi)g-g> - 2{t2K+1T0 JJ Td^)g. 
n=/]JJj=0 iei ieJ j=l 



Wc have used Theorem 2.3 in the above equations. In fact, we have identities 
much more general than the above equation. 

Conjecture 3.2. We have 

(1) Let K > g, r,s >0, dj >0 and YTj=i dj = 3g + n - 2K - r - s - 2. 
Then 



n 

{T2K+r+lTs JJ T^^) g + {T2K+s+irrWTd^) g 

2K 

n=/]JJj=0 iel ieJ 



(2) Let r,s >0, dj > 1 and Yl^=i dj = g + n — r — s. Then 
1 (2£/-l + n)! 



(2r + l)!!(2s + 1)!! 49{2g - l)\ll]=A'^dj - l)'' 

n n 
= {T2g+r-lTsY{Tdj)g + (T2g+s-irf. JJ Trf . )g 

i=i i=i 

2g-2 

- Y Yl ^^'^y ^^J^^' n ^di)g'{r2g-2-jrs n ^di)g-g' 

n=I\JJ j=o iei ieJ 



Identities in Conjecture 3.2 have the same structures as results in the last 
section, we believe there is a uniform way to prove these conjectural identities. 
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Taking A = ch2r+i(E) in Conjecture 3.1 and K > g, we have 



j=0 i=l 
2K / n n \ 

= ~^i-'^y ( {'T'2K-j+2r+irjY{Tdi)g + {T2K-jTj+2r+lY{Tdi) g J 
j=0 \ i=l i=l ) 

2r 2K 

+ ^Y^'y-'^y^^^'^i^3W^dt)9'{r2r-ir2K-jWTd^)g-g> 

n=i]^j i=Q j=o tei teJ 

2r n 

= -2^(-l)*(r2js:+2r+i-iTi JJrd^)g 

1=0 3=1 

2r 2K 

+ Yl J212^''^y^^^'^i^^]l^'^*'>9'{'^2r-iT2K-jYlTd,)g-g'. 

?i=/]j J i=o i=o tei teJ 

It's not difficult to see that conjecture 3.2(1) imphes Conjecture 3.1 in the 
case A = ch2r+i(E). 

Now we present a hierarchy of conjectural identities of intersection numbers, 
which provide further insights to Faber's conjecture. 

Conjecture 3.3. For m >2, we have 

(1) LetK>g + [f J - 1, > 0, dj > and Yl]=i dj = 3g + n - 2K - 
Yj^=i Tp + 171-4. Then 

m n n m 

{t2K+2 Y[ '^dj)g = ^{rdi ■ ■ ■ rdj_iTdj+2K+lTdj+i JJ 

p=l j=l j=l p=l 

2K m 

- Yl^~^y^'^o\{^r^W^d,)g'{'r^K-jX{Td;)g-g'. 

n=/]jjj=o p=i iei ieJ 

(2) LetK = g+lf\-2, dj > 1 andY.]^^dj = g + n-Y^j,rp + m-2[f\. 
Define 

\ (Ep 2rp + m){g + ^) if m is odd, 
I 1 if m is even. 



C{g,m,rp) 



Then we have 

C{g,m,rp) {2g~3 + n + m)\ 



nr=i(2rp + 1)!! 4^(25 - 3 + m)! n^=i(2c/, - 1)!! 



m 

''rp/g 



= {t2K+2 Yi n '^'ij)g " Y^'^^i ■ ■ ■ T(i,_iTd^+2i<r+lT<i,+i Y[ '^r, 
p=l j=l j=l p=l 

2K m 
+ J2 J2^-'^y^'^oH^rp]jTdi)g'{T2K-jY[Tdi)g-g' 
n=IUJj=0 p=l iel ieJ 

If m is odd, we require rp > 1 in the above identity. 
Conjecture 3.4. For m>2, we have 
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(1) Let K >g + , s > 0, Vp > 0, dj > and J^j^^ dj = 3g + n 

2K — s — Yl^=i rp + m — 3. Then 



m n 

" l9 



C{g,m,s,rp) 



p=l j=l 

2K m 

= Y^i-'^y{'^jJ{^rj,J{Td^)g'{T2K-jT,J\Td^)g-g:. 
n=IY[J j=0 p=l iG/ i&J 

(2) LetK = g+ [^\ - I, d^ > 1 and Z]=i dj = g + n - s - Zp^P + 
m-2[^J - 1. Define 

{{Y^p2rp — 2s + m — l){g + ^ — 1) if m is even, 
1 if m is odd. 

Then we have 

C{g,m,s,rp) (2(7 — 2 + n + m)! 

(2s + 1)!! nr=i(2^p + 1)!! ' 4^25 - 2 + m)! UUC^dj - 1)!! 

m n 

p=l j=l 
2K m 

n=IUJ j=0 p=l i€l i&J 

If m is even, we require s > 1 and rp > 1 in the above identity. 
The following conjecture generalizes results of jT9] . 

Conjecture 3.5. For m,l >2, we have 

(1) Let K>2g + m + l — A, rp,Sp > 0, dj > and J2]=i dj = 3g + n + 
m + l-K- E;Li Tp - sp - 4. Then 

K m I 

E n n n n ^'^*) = o- 

n=IUJj=0 p=l tel p=l t£j 

(2) Let K = 2g + m + l- 4, dj > 1 and X]"=i dj = g + n-^^rp- Sp. 
Then 

K m I 

n=iUJj=o p=i te/ p=i teJ 

1 {-l)"^{2g + n + m + l-3y. 

~ Up=ii'^rp + 1)!! np=i(2sp + 1)!! ' 4^25 + m + l- 3)lU]=i{2d, - 1)!! ' 

4. Denominators of intersection numbers 

Let denom{r) denotes the denominator of a rational number r in reduced 
form (coprime numerator and denominator, positive denominator). We define 



^g,n = ^cm I denom 



NEW PROPERTIES OF THE INTERSECTION NUMBERS 



11 



and for g > 2, 

Vg = Icm l^enom ■ ■ ■ | ^ = 3^ - sj 

where Icni is the abbreviation of least common multiple. 

We proved in our previous paper [ISj that Dg^n \ T^g and Dg^n = T^g for 
n > 3g — 3. 

Now we present the conjectural exact values of Vg. 

Conjecture 4.1. Let p denotes a prime number and g > 2. Let ord{p,n) 
denotes the maximum integer such that p°^^(P'"') | n. Then 

(1) ord(2,p3) = 3<7 + ord(2,<7!), 

(2) oTd{3,Vg)=g + ovd{3,g\), 

(3) OTd{p,Vg) = l^zil for p > 5, where [xj denotes the maximum integer 
that is not larger than x. 

We order all Witten-Kontsevich tan functions of given genus g by the fol- 
lowing lexicographical rule, 

{rdi ■■■T-d„)g -< {rki---rk^)g 

if n < m or n = m and there exists some i, such that dj = kj for j < i and 
di <^ ki. 

If5<p<2g + 1 is a prime number, then the smallest tau function of genus 
g in the above lexicographical order that satisfies ord(p, denom{T(i-^ ■ ■ ■ Tfi^)g) = 



I 2g 

Lp-1 



IS 



{Tp-1 ■ ■ - Tp-l Td)g 



«;/,ered+£^L^J=3<7-2+L^J. 

We have checked Conjecture 4.1 for all (7 < 20 by a computer. 
Corollary 4.2. We have Dg-^ = Vg for n > [f J + 1. 
Corollary 4.3. Let Vq = 1 and Vi = 24, then VgVh \ Vg+h, for g,h>0. 

Note that [|J + 1 is just the number of codimension one boundary strata 
of Mg, we don't know whether this has any implications. 

We remark that that Vg does not control the denominators of general Hodge 
integrals, since we have ord(5, denom(ri9A9)io) = 6 > ord(5,Pio). 

Let Sg be the least common multiple of where T,g takes over 

all stable curves of genus g. By arranging components of stable curves in a 
most symmetric way, it's not difficult to see that 

ord{2,Sg)>2g+[g/2\ + [[g/2\/2\ + [[[g/2\/2\/2\ + ■ ■ ■ 

OT:d{p,Sg) >k + [k/p\ + [\k/p\/p\ + \Wk/p\/p\/p\ H , if prime p > 3, 

where k = • We conjecture that the above relations are actually equali- 

ties giving exact values of Sg. 

It's easy to see that ord(2,Pg) > ord(2,5g), ovd{3,Vg) > ord(3, 5g) and 
for p > 5, ord(p, Pg) < ord(p, 5^). Roughly speaking, this means that top 
intersections of kappa classes fail to detect all singularities on the orbifold 

Mg. 



12 
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5. Numerical properties of intersection numbers 
From Okounkov's analytic formula of n-point functions [22j, we have 

CO n 
F{xi,...,Xn) = ^ ^ {rd^- Td„) <00. 

g=0J2dj=3g-3+n j=l 

for arbitrary positive real numbers Xj. So (r^^ • ■ ■ Td^)g decreases very rapidly 
when g increases. In this section, we will discuss a kind of multinomial-type 
property for intersection numbers. 

k ^ 

Conjecture 5.1. Let A be a monomial of the form X^^^ ■ ■ ■ Xg^ . Then for 
Sj=i dj = 3g — 3 + n — Ylj=i ' J ^'^^ < ^2; we have 



Namely the more evenly 3g — 3 + n be distributed among indices, the larger 
the value of Hodge integrals. 

From the argument of Proposition 5.1 of [18], we see it's enough to check 
only those Hodge integrals with ^3 > 2, . . . , d„ > 2. We have checked Conjec- 
ture 5.1 in various cases. 

For A = 1, namely in the case of tau functions, we have checked Conjecture 
5.1 for g < 20. Moreover, for n = 2, we have checked all g < 1000 (using 
Dijkgraaf's 2-point function); for n = 3, we have checked all g < 100 (using 
Zagier's 3-point function). 

For A = Ag, we have the Xg theorem proved by Faber and Pandharipande 

[H], 

UJ' '^-^'-W...,dJ^^j2gy: 



For A = XgXg-i, we have the Faber's conjecture. 

For A = A^^ • • • Ag", where Yli=i — we can use the same argument 

as Proposition 5.1 in [18] . 

For A = Xg-i, there is a closed formula for Hodge integrals with Xg-i class 
in [12], we have checked the case of two-point Hodge integrals for g < 100. 

Based on a large amount of experiment, we speculate that the following 
generalization of Conjecture 5.1 should be true. 

Conjecture 5.2. Consider the following general intersection numbers, 

{rdl^aXb)g,n ■= _ ' ' ' V'n"'^ai " " " «^a„ Afe, • • • Afo^ 



where the indices {dj,aj,bj} are nonnegative integers. If p < q we have 

{TpTgTdKaXb)gM < {Tp+lTq^lTdKaXh) g^n, 
{KpKqTdKaXi^ g^n ^ {l^p+ll^g~lTdl^a^b) g,ni 
{XpXqTdKaXb}g,n < {^p+l\-lTdl<-a^b} g,n- 

We make some remarks about Conjecture 5.2. First recall the definition of 
Schur polynomials. Let be a vector bundle of rank r on a projective variety 
X and fihe a partition of integer n into integers < r, 

r > m > > ■ ■ ■ > fJ'Ti > 0. 
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Define the Schur polynomials Sfj_{E) by 

SfiiE) = det(c^^.+j_i(^))i<ij<„. 

So s^{E) is a polynomial in Chern classes of E with weighted degree n. If E 
is ample, then we know that Sf^{E) behave numerical positively on X. 

However the Hodge bundle E on A4g is not ample, only its determinant 
det(E) is semi- ample. If^ = (62, ^i, 0, . . . , 0), then s^(E) = AbjAf,^— Afej+iAb^-i. 
So conjecture 5.2(3) essentially says that Schur polynomials of the form 5(52,61) (E) 
behave numerical positively on the moduli space of curves. 

There are several natural consequences from Conjecture 5.2. For example, 
we could get simple lower and upper bounds for intersections of kappa classes, 
the so called higher Weil-Petersson volumes of the moduli space of curves [16j . 

Corollary 5.3. Let aj > 0, 'Y^=\ = S^f — 3 + n and g > 1. We have 



In particular, we get a simple lower bound for Weil-Petersson volumes 

, 3g-3+n, . {2g - 2 + 71^^-'+^ 

Proof. Since kq = 2^ — 2 + n in TZ^{Mg^n), we have 

/ \ m-u _ (2g-2 + nr-^ 

\Kai • • • Kam/g,n ^ \K3g_3+nKo )g,n— 243 ■ g\ 

The other inequality can be proved similarly. □ 
Corollary 5.4. For dj > and Z^j=i dj = 3g — 3 + n, 

1 
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